We consider a stochastic volatility model with jumps where the underlying asset price is driven by a process sum of a 2-dimensional Brownian motion and 2-dimensional compensated Poisson process. The market is incomplete, there is an infinity of Equivalent Martingale Measures (E.M.M) and an infinity of hedging strategies. We characterize the set of E.M.M, and we hedge by minimizing the variance using Malliavin calculus.
Introduction
Stochastic volatility models were introduced in the financial literature to take in account the smile effect. Most of works on these models assumes -for simplification-the continuity of the asset price trajectories (driven by Brownian motion). But an asset price can jump at any moment and randomly. We are interested here by discontinuous dynamic for the asset price with discontinuous stochastic volatility.
Formally, let the underlying asset price is given by
t dW
t dM
( 1) t ], t ∈ [0, T ], S 0 = x > 0,
) is a 2-dimensional Brownian motion, M = (M (1) , M (2) ) is a 2-dimensional compensated Poisson process with independent components and deterministic intensity ( The most serious problem in a stochastic volatility model is the incompleteness. These models involve the existence of an infinity of equivalent martingale measures (EMM) i.e a probability equivalent to the historical one under which the actualized prices are martingales. First we seek a characterization for an EMM. We show that a probability Q equivalent to the historical probability P is specified by its Radon-Nikodym density w.r.t P
where (β t ) t∈[0,T ] is a R 4 -valued predictable process such that β (3) , β (4) > −1. If Q is a P −EMM, β (1) and β (3) are related by
t a
(1)
t σ(t, Y t ) = 0, see Proposition 3.1.
The process −
µt−rt a
(1) t σ(t, Yt) , 0, 0, 0 is an example of R 4 -valued predictable process satisfying the above equation, and it defines a P -E.M.M. This means that the set of P -EMM is not empty.
Moreover, since β (2) and β (4) doesn't appear in the last equation so they can be choosing arbitrarily and thus there exists an infinity of P −EMM.
Mean-variance hedging
In complete market, we have a unique hedging strategy. This is not the case for incomplete market.
We have an infinity of hedging strategies. We hedge using the mean-variance hedging approach initiated by Föllmer and Sondermann (1986) , and we find the strategy by applying Malliavin calculus.
Consider an option with payoff f (S T ) where (S t ) t∈[0,T ] is the asset price and with maturity T .
We work with a P -E.M.MQ. Let (η t ,ζ t ) t∈[0,T ] be a self-hedging strategy and (V t ) t∈[0,T ] be the portfolio value process. We get using the chaotic calculus, that the strategy minimizing the variance
(1) ds, and the operators DŴ The paper is organized as follows : In Section 2, we present some necessary formulas. In the third section we introduce the model. The fourth one is devoted to the hedging by minimizing the variance via Malliavin calculus. In the last section, we characterize the E.M.M minimizing the entropy, this allows us to establish explicit formulae for the strategy.
Preliminary
Let W = (W (1) , W (2) ) be a 2-dimensional Brownian motion and N = (N (1) , N (2) ) denotes a 2-dimensional Poisson process with independent components and deterministic intensity (
We work in a filtered probability space (Ω,
is the naturel filtration generated by W and N . We denote by M = (M (1) , M (2) ) the associated compensated Poisson process i.e for i = 1, 2 and t ∈ [0, T ] we have dM
Definition 2.1 Let Γ be the set of all
We denote by E(X) t , for a semi-martingale X with X 0 = 0, the unique solution of the stochastic differential equation
E(X) t is called the Doléans-Dade exponential. We have (Theorem 36 of Protter (1990) )
The next lemma is the martingale representation theorem (Jacod (1979) ).
There exists a predictable process γ ∈ Γ such
The Itô formula is given by the following lemma (see Protter (1990) ).
Lemma 2.2 Let R = (R 1 , . . . , R n ) be a n-dimensional adapted process, and
We consider the process X = (X 1 , . . . , X n ) where for k ∈ {1, . . . , n}, X k is given by
s .
The model
Let us consider a market with two assets: a risky asset to which is related a European call option and a riskless one. The maturity is T and the strike is K. The price of the riskless asset is given by
where r t is deterministic and denotes the interest rate. The price of the risky asset has a stochastic volatility and is given by
where for 1
We assume that σ(t, .) = 0, and 1 + σ(t, .)a
Change of probability
Let Q be a P -equivalent probability; by the Radon-Nikodym theorem there exists a F T -measurable
Notice that ρ T is strictly positive P -a.s, since Q is equivalent to P , and
Definition 3.1 Let H be the set of all P −EMM i.e Q ∈ H if and only if Q ≃ P and the actualized prices are Q-martingales.
The next proposition gives the Radon-Nikodym density w.r.t P of a P -EMM. 
Moreover β (1) and β (3) are related by
Proof. We follow Bellamy (1999) for the case of discontinuous market with deterministic volatility. By the martingale representation theorem (Lemma 2.1) there exists a predictable process
(3.2) follows from (2.1). In addition (e
is a Q-martingale, which is equivalent to say that (e
The integration by parts formula (Protter (1990)) gives
t .
Therefore, we have
Thus Q is a P -EMM if
One can notice that there is no restriction on β (2) and β (4) , which means that if H = ∅ thus H contains an infinity of P -EMM.
Girsanov theorem
Let Γ H be the set of processes β ∈ Γ satisfying (3.3). The Radon-Nikodym derivative ρ T associated to β and given by (3.2) define a P -EMM. From now on, a P -EMM Q in H will be denoted by Q β where β ∈ Γ H .
Let β ∈ Γ H and consider the two processesW = (
) where for
By Girsanov theorem (Jacod (1979) 
and (Y t ) t∈[0,T ] is given by
4 Hedging by minimizing the variance
In this section we are interested by finding an optimal strategy for our model described in Section 3.
We compute the strategy by minimizing the variance. This is on applying Malliavin calculus.
From now on, we work with the P -EMM minimizing the entropyQ. The price of a European option with payoff f (S T ) is EQ e
Our aim is to determine the
whereζ t ,η t andV t denote respectively the number of units invested in riskless and risky asset and the value of the portfolio. We have for t ∈ [0, T ]V t =ζ t A t +η t S t . Since the strategy is assumed to be self-financing, so dV t =ζ t dA t +η t dS t and
Chaotic calculus
The chaotic calculus allows to obtain the strategy that minimizes the variance, that is by using the Clark-Ocone formula.
Let us denote byX, the 4-dimensional martingale coming from the 2-dimensional Brownian motion and compensated Poisson process introduced in section 2, i.e (X This martingale has the Chaotic Representation Property (CRP). The CRP forX states that any square-integrable functional F T -measurable, can be expanded into a series of multiple stochastic integrals -w.r.tX t -of deterministic functions. Using this expansion, we define the Malliavin operator, by acting on the multiple stochastic integrals. The Clark-Ocone formula is then deduced by technical ways, allowing to make appear the Malliavin operator in the expansion, and to write this last one as a simple stochastic integral w.r.tX.
We define the multiple stochastic integral and introduce the Malliavin operator and the Clark-Ocone formula in the multidimensional Brownian-Poisson case (more precisely in the 4-dimensional case, the following definitions and formulas can be extended for the d−dimensional case, d > 4). For more details we refer to Løkka (1999) , Nualart (1995) , Nualart and Vives(1990) , Øksendal (1996) and Privault (1997 a,b) . Let (e 1 , e 2 , e 3 , e 4 ) be the canonical base of
define the n-th iterated stochastic integral of the function f n e i1 ⊗ . . . ⊗ e in , with 1 ≤ i 1 , . . . , i n ≤ 4,
The iterated stochastic integral of a symmetric function f n = (f
given by
We will now give the probabilistic interpretations of D (l) in the Brownian motion and Poisson process cases. These interpretations will allow us to compute the requested strategy.
The Brownian operator For 1 ≤ l ≤ 2, the operator D (l) is, in fact, the Malliavin derivative in the direction of the one dimensional Brownian motionŴ (l) . So, we have for 1 ≤ l ≤ 2 and
To calculate the Mallaivin derivative for Itô integral, we will use the following proposition (see corollary 5.13 of Øksendal (1996) .
The Clark-Ocone formula is given by the next proposition.
Proposition 4.2 Consider a square-integrable functional
F has the following predictable representation
t . † Notice that, unlike the Brownian case, the Malliavin operator in the Poisson space does not a derivative.
Now we apply the Clark-Ocone formula to determine the strategy minimizing the variance for our model considered in the Section 3.
Proposition 4.3 The strategy minimizing (4.1) of the model of Section 3 is given bŷ
Proof. First we approach the function x → f (x)(= (x − K) + or = (K − x) + ) by polynomials on compact intervals and proceed as in Øksendal (1996) pp. 5-13. By dominated convergence, (l) ). Applying the Clark-Ocone formula to f (S T ) and using (4.2) we obtain
It is easily verified that h 2 is convex, hence the minimum is the solution of h ′ 2 (x) = 0. Therefore the strategy minimizing the variance is given by (4.4).
Explicit formulae, Equivalent Martingale Measure minimizing the entropy
The process µt−rt a , 0, 0, 0 belongs to Γ H and it defines a P -EMM, so H = ∅. Thus H contains an infinity of P -EMM. We choose the one that minimizes the relative entropy. Let Q β ∈ H.
Denoting by I(Q β , P ) the relative entropy of Q β w.r.t P , we have
Our aim is to minimize I(P, Q β ) under H. We have
Therefore the problem is to find aβ which satisfy
Lemma 5.1 The minimization problem (5.1) is equivalent to the minimization of
∈ Γ H .
Proof. Let Q β ∈ H. By (3.2)
where β ∈ Γ H , and G is the function defined by
For a fixed t, we have by (3.3),
Now the lemma is deduced from the fact that β (2) t appears only in the term σ 2 (t, Y t )(a
which is always positive : so β (2) t must be equal to zero.
The following proposition gives the solution to the minimization 5.1.
and letβ
be the unique solution of the equation
Then, the P -EMMQ defined by its Radon-Nikodym density
is the P -EMM minimizing I(P, Q β ).
Proof. By Lemma 5.1, we have to minimize the function
Letx be the solution of (5.2), it is unique since the function
(1) t σ(t, Y t )a Therefore F has a strict local minimum at (x, 0). This minimum is global since the limits of F on borders go to infinity.
To obtain explicit formulas for the strategy computed in Proposition 4.3, we will separate the two cases : Brownian motion and Poisson process. In the two following subsections we compute explicitly the strategy for a European call option in the Brownian motion and the Poisson process cases respectively. The payoff of the option is then given by f (S T ) = (S T − K) + , where K denotes the Strike.
Brownian case
Assume that a 
In the following proposition We compute the Malliavin derivative of the payoff (S T − K) + . We can replace the result in the formula (4.4), and obtain an explicit formula for the strategy. 
